INTRODUCTION
In the previous paper [9] , we proved the uniqueness of strict {[H 2 ], [H 3 ], [H 5 ]}-cover graphs. This result plays a crucial role in obtaining an upper bound on the number of vertices in a minimal forbidden subgraph.
In this paper, we completely determine minimal forbidden subgraphs for the class of slim {[H 2 ], [H 3 ], [H 5 ]}-line graphs. By computer, we obtain such graphs (cf. Figure 2) . The smallest eigenvalue of the minimal forbidden subgraph G 5,2 is less than −1 − √ 2, and others are greater than or equal to −1 − √ 2. We know that the smallest eigenvalues of [H 5 ]}-line graphs are greater than or equal to −1 − √ 2 (cf. Theorem 3.7 of [10] ). These mean that, if a graph does not contain subgraphs in Figure 2 , then it is a slim {[H 2 ], [H 3 ], [H 5 ]}-line graph, and has the smallest eigenvalue at least −1 − √ 2. We use the same notation as in [9] . Definition 1.1. A Hoffman graph is a graph H with vertex labeling V (H) → {s, f }, satisfying the following conditions:
(1) every vertex with label f is adjacent to at least one vertex with label s; (2) vertices with label f are pairwise non-adjacent. We call a vertex with label s a slim vertex, and a vertex with label f a fat vertex. We denote by V s (H) (V f (H)) the set of slim (fat) vertices of H. An ordinary graph without labeling can be regarded as a Hoffman graph without fat vertex. Such a graph is called a slim graph. The subgraph of a Hoffman graph H induced on V s (H) is called the slim subgraph of H. We draw Hoffman graphs by depicting vertices as large (small) black dots if they are fat (slim).
We denote by [H] the isomorphism class of Hoffman graphs containing H. In the following, all graphs considered are Hoffman graphs and all subgraphs considered are induced subgraphs. For a vertex v of a Hoffman graph H, we denote by N s H (v) (resp. N FIGURE 1.
set of all slim (resp. fat) neighbours of v, and by N H (v) the set of all neighbours of v, i.e., 
0 be an empty set, and let φ be an empty graph.
Definition 1.2.
Let H be a Hoffman graph, and let H i (i = 1, 2, . . ., n) be a family of subgraphs of H. The graph H is said to be the sum of H i (i = 1, 2, . . ., n), denoted
if the following conditions are satisfied: 
Proof. See Lemma 23 of [9] . For the remainder of this section, we assume 
Proof. The first part follows from Example 22 of [9] . We prove the second part by induction on n. The assertion is easy to verify when n = 1. Suppose n > 1, and let 
We may suppose without loss of generality that
Since s 1 and s 2 have a common fat neighbour in
then consider the third slim vertex s 3 of K 0 . We may assume without loss of generality that s 3 is not adjacent to s 1 . Since s 1 and s 3 have a common fat neighbour in
, and
Proof. Routine verification. 
and one of the fat vertices ofH 0 is a pendant vertex in H, (iii)H
Proof. This is shown in the proof of Theorem 31 in [9] , using 
and in particular, H(I) is connected,
so is H(J). Since the removal of V s (H i ) with i ∈ J \ I ′ preserves connectivity by Lemma 3.1, we conclude that
it is a connected component of H. But this contradicts the assumption that H is connected and I
= / 0. Hence V f (H(I)) = V f (H).
MAIN THEOREM: THE MINIMAL FORBIDDEN SUBGRAPHS
In this section, we assume Figure 1) . Let F 1 , F 2 , . . . , F 9 be the Hoffman graphs depicted in Figure 3 . Table 2 Table 2 gives no conclusion. The results in Table 2 were obtained by computer. 
Lemma 4.1. Let G = F ⊎ H be a Hoffman graph satisfying
H is connected. (7)
Suppose F ∼ = F i for some i ∈ {2, 3, 5, 8}, and let F ′ be a subgraph of F such that F ′ ⊎ H has a subgraph isomorphic to G 6,27 . then G has a slim subgraph isomorphic to G 5,1 , G 6,17 , G 6,23 or G 
Lemma 4.2. Let G = F ⊎ H be a Hoffman graph satisfying (4)-(7). Suppose F
, and we may assume u ∈ N s H ( f 1 ) without loss of generality. Then
, the lemma follows from Lemma 4.1. Suppose S = / 0. Since P is the shortest path, w is adjacent to exactly one vertex s 1 in S, and |S| = 2. Put S \ {s 1 } = {s 2 }, and let w ′ be the neighbour of
, and hence G contains a subgraph isomorphic to G 6,23 .
Lemma 4.3. Let G = F ⊎ H be a Hoffman graph satisfying (4), (5) and the following conditions:
F is connected,
Let V is a subset of V s (H), and let K
= V H . If V f (F) ⊂ V f (K),
and every vertex of V can be joined by a path in K to a fat vertex of F, then G contains a connected subgraph F ⊎ K satisfying (3).
Proof. From Lemma 12 of [9] , V s (F) ∪ V G = F ⊎ K. Since F is connected and every vertex of V can be joined by a path in K to a fat vertex of F, F ⊎ K is connected. From Lemma 3.4, K satisfies (3). (4), (5), (9) , and F ∼ = F i for some i ∈ {1, 2, . . ., 9}. Let Figure 2 . Table 2 , the conclusion holds.
Lemma 4.4. Let G = F ⊎ H be a Hoffman graph satisfying
m(F) =        2 if F ∼ = F 7 , 4 if F ∼ = F 4 , F 6 or F 9 , 5 otherwise.
If H is connected and |V s (H)| ≥ m(F), then G has a slim subgraph isomorphic to one of the graphs in
In the remaining part of this proof, we suppose I = / 0. For a subset J of {0, 1, . . ., n}, we write H(J) = i∈J H i .
Claim 1. The graph V s (H) H is connected.
Since |V s (H)| ≥ m(F) ≥ 2 and I = / 0, n > 0. Hence, from the last part of Lemma 3.5,
and that there exists I
) and H(I ′ ) is connected. Then the lemma holds.
Hence G contains a connected subgraph F ⊎ K satisfying (3) by Lemma 4.3. Therefore the assumptions of Table 2 are satisfied. Hence the lemma holds.
Claim 4.
If F ∼ = F 6 , F 7 or F 9 , then the lemma holds.
From Claim 2, there exists i ∈ I such that the unique fat vertex of F is in V f (H i ). Then I ′ = {i} satisfies the hypotheses of Claim 3, and hence the lemma holds.
Then every vertex of V can be joined by a path in V H to f 0 or f 1 .
Suppose c( V H ) = 1, i.e., V H is connected. Let
is connected from Lemma 3.9(i). Since 
, and every vertex of V \ {s} can be joined by a path in K to f 0 or f 1 . Hence G contains a connected subgraph F ⊎ K satisfying (3) by Lemma 4.3. Since |V s (K)| = |V \ {s}| = 4, the assumptions of Table 2 are satisfied. Hence the lemma holds. Now we consider the remaining cases. Let F ′ be a subgraph of F such that 
Since f 0 is a common fat neighbour of s We shall now prove our main result. 
